SOLUTION GUIDE

Lesson 7
Solutions for Lesson #7 Worksheet: Beading
The front of the choker consists of two halves, and each half possesses an array of beads arranged in a shape similar to that shown here (each X denotes a single bead):
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Half of the Front Side of Choker
Notice that each row of beads contains one more bead than the row below it.  The exercises below involve counting the number of beads in the design.
1. Count the number of beads in Rows 1 – 10.
SOLUTION: There are j beads in row j.  Summing for j = 1, 2, 3, …, 10, we find that the total number of beads is 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 = 55.
2. Can you derive a formula for the number of beads in Rows 1 – n, where n is any positive integer? Here is a little guidance to break it down for you:
(a) Let S(n) = 1 + 2 + 3 + …. + n.  Re-express S(n) as a sum of terms starting with the largest term and descending to 1.

SOLUTION: We have S(n) = n + (n-1) + (n-2) + …. + 3 + 2 + 1.
(b) Place the two expressions for S(n) from (a) directly above one another and sum them vertically:
SOLUTION: We have
S(n) =     1    +    2    +    3   +  ….    +  (n-2)  +  (n-1)  +   n


+
S(n) =     n     + (n-1) + (n-2) + ….    +     3    +     2      +   1


        2*S(n)  = (n+1)+(n+1)+  (n+1) + …..    +(n+1) + (n+1)  + (n+1)

(c) Simplify the expression and solve for S(n).
SOLUTION:  On the right hand side of the result in part (b), we are summing n+1 exactly n times.  This gives 2*S(n) = n(n+1).  Therefore,

S(n) = n(n+1)/2

(d) Write down the values of S(1), S(2), S(3), …, S(15).
SOLUTION: The table below provides these values:
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3. The numbers obtained in Problem 2 above are known as the triangular numbers.  Can you explain why this name is appropriate?
SOLUTION: The portion of the choker illustrated at the top of this worksheet is in the shape of a triangle.

4. Without counting the beads explicitly, how many beads occur in even-numbered rows of the diagram shown at the beginning of the worksheet? More generally, find a formula for E(n), the sum of the first n positive even integers.
SOLUTION: We are asked to compute E(10) = 2 + 4 + 6 + 8 + 10 + 12 + 14 + 16 + 18 + 20.  There are two good ways to take advantage of the work we did in Problem 2 above.  First, we can observe that
E(10) = 2*(1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10) = 2*S(10) = 2*55 = 110.
The second approach is to take advantage of the method illustrated in Problem 2, and in so doing, we can derive a general formula for E(n).  Namely, we have
E(n) =     2       +    4      +    6     +  ….    +  2(n-2)  +  2(n-1)  +  2n


+
E(n) =     2n     + 2(n-1) + 2(n-2) + ….    +     6        +     4       +   2

        2*E(n)  = 2(n+1)+2(n+1)+  2(n+1) + …..    +2(n+1) + 2(n+1)  + 2(n+1)

On the right-hand side of this expression, we are summing 2(n+1) with itself a total of n times.  Thus, we obtain 2E(n) = 2(n+1)*n. Dividing by 2, we conclude that
E(n) = n(n+1).

Evaluating for n = 10, we obtain E(10) = 10*11 = 110, the same answer obtained above.
5. Devise a similar formula for the sum of the first n positive odd integers, O(n).
SOLUTION: We again proceed with the same technique illustrated in Problems 2 and 4 above.  However, we must first recognize that the nth positive odd number obeys the formula 2n – 1.
Thus, we are seeking a formula for O(n) = 1 + 3 + 5 + … + (2n-5) + (2n-3) + (2n-1).  Proceeding as before, we have

O(n) =     1       +    3      +    5     +  ….    +  (2n-5)  +  (2n-3)  +  (2n-1)

+
O(n) =   (2n-1) + (2n-3) + (2n-5) + ….    +     5        +     3       +   1

        2*O(n)  =     2n     +    2n     +   2n     + …..   +    2n      +    2n      + 2n
On the right side of this expression, we are summing 2n with itself a total of n times.  Thus, we obtain 2O(n) = 2n2.  Dividing by 2, we conclude that
O(n) = n2.

6.  Since E(n) + O(n) is the sum of the first n positive odd integers and first n positive even integers, we should expect that E(n) + O(n) = S(2n).  Use the formulas derived in Problems 2, 4, and 5 to verify this. 
SOLUTION: We have 

E(n) + O(n) = n(n+1) + n2 = 2n2 + n = n(2n+1) = 2n(2n+1)/2 = S(2n).
Modifications of the shape of the choker shown at the outset of this worksheet are also possible and useful in Native American cultures.  For instance, here is one variation:
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7. In the diagram above, the top row of the choker has 10 beads and the bottom row has 5 beads.  Without counting all of the beads explicitly, can you use the formula for S(n) above to determine the number of beads shown?

SOLUTION: If we count all of the first 10 rows, we have S(10) = 55 beads.  However, we do not want to include the bottom four rows, which have S(4) = 10 beads.  Thus, we apply subtraction to obtain the number of beads shown: S(10) – S(4) = 55 – 10 = 45.
